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1. Introduction

In his paper, Shannon [7] firstly introduced the concept of information function and
investigated some properties of this function in terms of non-fuzzy sense. Then, McMillan [6]

found some results relating to this function.

In the first place, we defined the fuzzy dynamical system and stated the basic properties
of this system. It is known that in information theory, the source of information source is
quite. Tok has proved some properties of the fuzzy information function in [9]. Other results
of fuzzy information function were investigated by Dumitrescu in [4]. Recently, Tok defined

the fuzzy local entropy function and stated some properties of this function in [10].

: Corresponding author: E-mail: ismailtok@aydin.edu.tr (I. Tok).
2013.001.05 © 2013 BALKANJIM All rights reserved.
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It is the aim of this work to define the fuzzy local information function and prove some

important ergodic properties of this function.

2. Basic definitions

2.1 Definition. Following Zadeh [12], a pair (X, F) is called a fuzzy set. Where X is an
arbitrary non-empty set and 4: X —[0,1] is a membership function. That is, a fuzzy set is
characterized by a membership function 4 from X to the closed unit interval 7 =[0,1].

Thus, we identify a fuzzy set its membership function A. In this connection, A(x), is

interpreted as the degree of membership of a point x& X . The family of all fuzzy sub-sets is
called a fuzzy class and will be denoted by F.

2.2 Definition The first definition of a fuzzy topological space is due to Chang [2].

According to Chang, a fuzzy topological space is a pair (X, F'). Where X is an arbitrary

non-empty set and F'is a fuzzy class if satisfies the following conditions;

i) 0,1EF.
iIfU,VEF,then UAVEF.

iii) If U €F,n€N, then supU, = V U, EF.

neEN neN

Every element of F is called an open fuzzy set or simply F-open fuzzy set. The element

of Fis a F-closed fuzzy if and only if its complement is a F-open fuzzy set.
Now, we define the fuzzy transformation on a fuzzy topological space as follows.

2.3 Definition Let X and Y be two fuzzy topological spaces. We consider a transformation
from the fuzzy topological space X to Y. Let B be a fuzzy sub set of the fuzzy topological

space Y with membership function B(y) for y €Y . Then, the inverse image of B written as
T7'(B) is a fuzzy sub set of the fuzzy topological space X whose membership function is
defined by 77'(B(x)) = B(T(x)) for all x€ X . Conversely, let 4 be a fuzzy sub set of the

fuzzy topological space X with membership function A(x) for x&€ X . The image of 4 written

as T(A) is a fuzzy subset of the fuzzy topological space Y whose membership function is

given by
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A(x)Yif T™
(A = égl?y){ O} f T ()= ¢
0 otherwise

forall y€Y . Where T7'(y) = {x| T(x)= y}. Other properties of this transformation see [2].

2.4 Definition A transformation 7 from the fuzzy topological space (X, F') to another fuzzy
topological space (Y, F)) is a fuzzy continuous transformation or simply F—continuous if and

only if the inverse of each Fj-open fuzzy set is a F-open fuzzy set.

2.5 Definition Let F be a fuzzy class. This fuzzy class F'is called a fuzzy o-algebra on X, if it

satisfies the following conditions;

i) For each constant ¢ €[0,1],aEF .

i) If AEF, thend=1- AEF. Where A4 is a complement of the fuzzy set 4 defined by

A(x) =1- A(x), for each x€ X .

iii) If 4 EF, nEN, then supd, =V, 4 EF.

n n

In this case, the pair (X, F) is a fuzzy measurable space and the elements of F are

fuzzy measurable sets. For more details, we refer to [8].

2.6 Definition Let (X,F) and (Y,F) be two fuzzy measurable spaces. One says the
transformation T from (X,F) to (Y,F)) is fuzzy measurable, if for each AEF;, then

T'(A)EF . For more properties of this transformation, see, [8] and [9].

;
2.7 Definition The family 4, 4,,..., 4, of fuzzy subsets is called disjoint, if (V' 4)A 4, =¢

i=1 ’
foreach j=12,..,n-1.

2.8 Definition Let (X, A, u) be a classical probability measure space. See, [3]. A fuzzy
probability measure is a fuzzy measurable mapping p from the fuzzy measurable space

(X, F) to[0,1] defined by wu(A)= f Adu fulfilling the following conditions;
i) u(p)=0and u(X)=1.

ii) u(A)=0 foreach AEF .
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iii) If (4,),,1s a disjoint sequence of fuzzy sets and 4 € F for every nEN, then we have;

u(V 4,) = u(4,) (fazzy o -additivity).
n= ol

The triple (X, F, u) is a fuzzy probability measure space. The elements of F are called

fuzzy events. For more details, we refer to [8].

2.9 Definition Let (X, F, u) and (X, F, u) be two fuzzy probability measure spaces.
Then,

i) The transformation 7 from (Y,F,u ) to (Y,F,u ) is a fuzzy probability measure

preserving transformation if w(7~'(A)) = w4 (A) for each AEF,.

ii) The transformation 7 from (X,F,u) to (Y,F, ) is an invertible fuzzy probability
measure preserving transformation if 7' is a fuzzy probability measure preserving bijective

transformation and 7' is also a fuzzy probability measure preserving transformation
iii) Let (X, F, i) be a fuzzy probability measure space. The transformation
T:(X,F,u)—(X,F,u) is a fuzzy probability measure-preserving transformation, if 7'

is a fuzzy measurable transformation and it fulfills the condition w(7'(A4)) = y,(A) for each
AEF.

iv) The quadruple (X,F,u,T) is called a fuzzy dynamical system. One will write briefly

(X,T) instead of (X, F,u,T) for convenience. For more properties of this system, see, [5].

3. Fuzzy information function

3.1 Definition Suppose that (X,7) is a fuzzy dynamical system and / is a countable set. A

collection P = AI,AZ,...,An,...} of the fuzzy measurable events is called a fuzzy partition if

Z’A,(x)=1, for all x€X for each with 4, = ¢ foreach i€ .

3.2 Remark It follows from Definition 3.1, that the collection P =14, 4,

,...,An} of the finite
fuzzy measurable events is called a finite fuzzy partition if EA" (x) =1, for all x€X for
i=1

each with 4 = ¢ for each i=12,..,n. Let P and Q be two finite fuzzy partitions. If
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U(P A Q)= u(P)u(Q), then P and Q are called independents. For more details, we refer to
[9].
3.3 Definition Let P = {AI,AZ,...,An} be a finite fuzzy measurable partition of fuzzy

dynamical system (X,T). Then if 4 €P, i=12,...,n is an observed event. The information

1, ;(P) carried by P may be defined as; 7, ,(P) = log

= —log u(4,) and the quantity

I,,(Px)= —E X4 (x).log u(4,) for each x€ X is called a fuzzy information function. In
i=1

n_n

this paper, all logarithms will be taken to be the natural base "e”.

lif x€ A4,

Where y, is the characteristic function of A4, defined by y, (x) =
' " 0if x& A,

3.4 Proposition Let P and Q be two finite fuzzy measurable partitions of the fuzzy dynamical
system (X,T) with/, ,(P,x) <% and I, (Q,x) <, for x€ X . Then, forall xeX

i) ]ﬂ)f (P,x)=0.

i) If' £, is a trivial fuzzy measurable partition, i.e. P, = {X , ¢} then 7, ,(P,x)=0.

iii) If PCQ, then 7, (P,x) <1, (Q,x).

w) [, (PvO,x)<l, (P,x)+1, (O,x).

v) If T is a fuzzy probability measures preserving transformation, then
1, ,(I"Px)=1,,(P,Ix).

Proof See, The Proposition I1I-3 of (9).

3.5 Lemma Let (a,),_, be a sequence of real numbers such that is positive and sub additive.

! . . o1
Then lim—a, exists and is equal to inf —a,.
n—° p neN n

Proof See, the Theorem 4-9 of [11].

3.6 Theorem If P is a finite fuzzy measurable partitions of the fuzzy dynamical system

n—o g 0| i=0

n-1
(X,T) with I, ,(P,x)<, for each x€X then, limlluf( T"’P,x), for each xEX

exists and is equal to the infimum.
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n-1 )
Proof Writea, =1, f( VT "P,x), for each x€ X . Clearly, the sequence (a,),_, satisfies the
S i=0 =

conditions of Lemma 3.5, from the Proposition 3.4 (i) and (iv). Thus one has only the Lemma

n-1
3.5 limll B f( VT "’P,x), for each x&€ X exists and is equal to the infimum.
| i=0

n—° p !
3.7 Definition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system

(X,T) with [, ,(P,x) <, for xEX .

n-1
Then, the limit function 7, (T, P,x) = liml] " f(V T P,x), for each x€ X is called

n—=® p i=0
he fuzzy information function of 7 with respect to the finite fuzzy measurable partition P.

3.8 Proposition Let P and O be two finite fuzzy measurable partitions of the fuzzy dynamical

system (X,T) with [, (P,x)<o and [, (Q,x) <>, for xEX .

Then, for all x€X

i) 1, ,(T,P,x)=0 With equality if and only if P is a trivial fuzzy measurable partition
i) 7, (T,P,x)<1, ,(P,x)

iii) If PCQ, then /, (T,P,x)=<1, (T,0,x)

1v) Iﬂ,f(T,Pv 0,x) < Iﬂ,f(T,P,x) +I#’f(T,Q,x)

v) If T is a fuzzy probability measures preserving transformation, then

1,/(T,P,0) =1, (T,TP,Tv).

Proof See, [1] and [9].

3.9 Proposition Let P be a finite fuzzy measurable partitions of the fuzzy dynamical system

(X,T) with I, (P,x) <o, for x€X . Then, forall x€X .

i) I, ,(TP,x)=K, (T,P,x)if k>0.

ii) If 7 is an invertible fuzzy transformation, and k€ Z , then

1, ,(T*,P,x)=|k|I, (T,P,x).



50 I. Guney et al. /' BALKANIM 01 (2013) 44-60

Proof

i) Let P be a finite fuzzy measurable partitions of the fuzzy dynamical system (X,7") with

1, ,(P,x) <o, for x€X . We first prove that if for each x€ X and £ >0,
PRl
[ﬂ,f(T ’iI=/0T ax)=k1/4,f(TaP9x) (1)

This follows since

n ) 1 n-1 o k-1 .
k —i 1 ~kj —i
[ﬂ,f(T 7[I=/0T P,)C) - ll_r)lolon I'“’f(_/on (,I=/0T P),X)

L @)
= kl;“nwn_lw(,z) T7P,x)=k, (T,P,x)
by the theorem 3.6.
Also, for each x€ X and & > 0, from the proposition 3.8 (iii)
k-1
1, (T*P,x) < 1, (T",L/0 T"'P,x)=kK, (T,P,x) and ]‘u,f(TkP,x) <kl, (T,P,x) 3)

Therefore, one writes the following inequality from the proposition 3.8 (iii) for each

xEeEX,

PRy
[y,f(T ’iZ)T P,X)=[ﬂ’f(T,P,x) (4)
Since for each x€ X ,

PR
[,u,f (T ,iI=/0T Pa X) = kllu,f (Ta P,X) (5)
we obtain thus for each x€ X,
K, (T,P,x)<I, (T*P,x) (6)

Hence the result follows from inequalities (3) and (6)
ii) Let P be a finite fuzzy measurable partitions of the fuzzy dynamical system (X,7") with

I, ,(P,x)<,

for x€ X , Then it suffices that for each xE X,
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1, (T",P,x)=1, ,(T,P,x) (7)
but for each x€ X,
n-1 n-1
L,V T'Px)= 1, (T (V T'P),x) ®)
Thus, we obtain from the Proposition 3.4 (v), for each x€X
n-1 . n-1 .
I,u,f (L/O(T_l)_l Pa 'x) = I,u,f (jIZOT_]P, x) (9)

Dividing the last equality (9) by n >0 and taking the limit for n — %, we obtain from
the theorem 3.6 and definition 3.7,

1, (T",P,x)=1, ,(T,P,x).
3.10 Definition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system
(X,T) with

l,,(P,x)<w , for x&€X . Then, for all xeX , the quantity

Pis a finite fuzzy measurable partition

I (T,x)= I, (T,P
W (T,%) Sl}l)p{ s (T, P, x) of (X,T)with 7, ,(P,x) <

} 1s called the

fuzzy information function of fuzzy dynamical system (X,7"). Where the supremum is taken
over all finite fuzzy measurable partitions of fuzzy dynamical system (X,7) with the finite

fuzzy information functions.

3.11 Proposition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system

(X,T) with

Iﬂ,f(P,x) < oo, for x€ X . Then, forall xeX ,
)1, (T,x)=0.

ii) 7, (Id,x)=0

i) /, (T"P,x)=kI, (T,P,x) if k>0.

iv) If T'is an invertible fuzzy transformation, and k€Z , then 7, (T “P,x) = |k|l wy (T3 P,x).
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Proof (i) and (ii) are trivial. (iii) and (iv) are similar to the proofs of the previous proposition

3.9 (1) and (i1).
3.12 Definition Let (X,7) and (Y,S) be two fuzzy dynamical systems. We say that (¥,S5) is
a fuzzy factor of the fuzzy dynamical system (X,T), if there exist AEF and BEF, such

that

i) u(4)=1and y(B)=1.

ii) There exists a measure-preserving transformation ¢: A4 — B with ¢(T'(x)) = S(¢(x)) for

all xeXx .

3.13 Proposition Let (Y,S) be a fuzzy factor of the fuzzy dynamical system (X,7), then
forall x€X and y€Y, 1, (S,y)<1,,(T,x).

Proof Let ¢ be a fuzzy probability measure-preserving function. If Q is finite fuzzy
measurable partition of the fuzzy factor (¥,S) with 7, . (Q,y) <, for yEY, then 'O is
a finite fuzzy measurable partition of the fuzzy dynamical system (X,7) with
1, (¢"'0,x) <, for x€X by the proposition II-2 of (9). Therefore, we have the following

equality by the Proposition 3.4 (v), forall x€X and y€Y,

1, (O.y)=1,, (¢"0,x) (10)

It is easy to see that

(V570 =T T (¢"0) (an
Therefore, we write the following equality, for yE€Y,

L@ (V501 =1, (V T (5" 0)g"y) (12)

Dividing the equality (12) by » >0 and taking the limit for n — %, we obtain the

following equalities from the theorem 3.6 and definition 3.7, for all x€ X and y €Y,
L (¢"S.0.9)=1, (T.¢"'Q,x) (13)

and also
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Lo s (S:0.0) =1, (5,0,3)=1, (T,¢7'0,x)

Hence, we have from the definition 3.10, for all x€X and y€Y,

Ilul,f (S,y)= Sl;p {Iﬂl,f (S,0,v)

1s a finite fuzzy measurable partition
of Y with/, .(Q,y) <

by the equality (10)

= Sup {Iul S (Ta ¢_1Q’ X)
Y

@~'Q is a finite fuzzy measurable partition
of X with 7, (¢ Q,x) <

by the proposition 3.8 (iii)

=sup{1‘uljf(T,P,x)
. .

P is a finite fuzzy measurable partition
of X with 7,  (P,x) <

Therefore the result follows from the Definition 3.10, for all x€X and y €Y,

]‘u],f(S’y) = [‘u,f(T’x)

of Y with/, .(Q,y) <

is a finite fuzzy measurable partition
= sgp 1, ,(5,0,y)

by the equality (10)

-1 . . o
. @~ Q is a finite fuzzy measurable partition
= Sup {]ll’f (Ta ¢ 1Qa .X)
Y

of X with Iﬂf((p"lQ,x) <o

by the proposition 3.8 (iii)

of X with 1, (P,x) <o

P is a finite fuzzy measurable partition
<supy/, (T, P,x)
- «

Therefore the result follows from the definition 3.10, for all x€X and y€Y,

Iul,f (S’y) = Iu,f(T’x)

53

(14)

(15)

3.14 Definition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system

(X,T) with
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I, ,(P,x) <, for x€X . Then,

if V' T'P=F, then the fuzzy partition P is called a fuzzy generator of the o-algebra F for T.

[=—0

3.15 Corollary Let (P), _, be a family of the fuzzy measurable partitions such that

PCPC..CP C..and V P, = X .Then for all x€X, Let (P,),_, be a family of the fuzzy
i=l1 -

measurable partition such that BRCP C..CP C..and VP =X . Then for all xEX,
i=1

1,,(T.x)=lim1, (T,P,,%)

Proof We write the following equality from Definition 3.10, for all xE€ X,

of X with [ (B, x) <

P, 1s a finite fuzzy measurable partition
IIMJ(T,x) = Sl:p Iﬂ’f(T,Pk,x)

n-1
= sup{limllﬂqf (E()T_iﬂ,x)}

B " n
by the Theorem 3.6 and definition 3.10, we have the following the result for all x€ X,

IAu,_/' (T,X) = llciigl.U,_f (T:})kax) (16)

3.16 Proposition Let P be a finite generating fuzzy measurable partitions of the fuzzy

dynamical system (X,7) with [, (P,x)<» , for x&€X . Then, for all xeX ,

[‘u,f (T’ x) = I,U,f (T, P, x) .
Proof See, [1] and [7].

3.17 Lemma. [, (T, x) is an isomorphism invariant.

Proof Let (X,T) and (Y,S) be two fuzzy isomorphic dynamical systems with ¢: X — 7Y,
@(T(x))=S(p(x)) for all x€X . If P is a finite fuzzy measurable partition of the fuzzy
dynamical system (X,T) with [ (P,x)<co, for x€X . Then, @P is a finite fuzzy
measurable partition of the fuzzy dynamical system (Y,S) with 7, (¢P,y)<o ,

for y€Y . Therefore for all x€X and y €Y, by Theorem 3.6
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I.”laf(S’(pP’ y) = I‘ul,f(ngp_lagpPa y)

1 o
= llm—]ﬂl’f(iz)((p]‘ @ 1)(¢P)9y)

n—© pn

(17)

by proposition 3.4 (v)

.1 a0 -1
= hmzlm,f ¢~ (V gl gP,g"y
since @ is surjective

. 1 n-1 »
= hm—IM,f(lL/O(T P,x)

n—© pn

by theorem 3.6

=1,,(I,P,x).

3.18 Proposition Let (X,7T) and (V,S) be two fuzzy dynamical systems. Then for all
(xnexxy , I,,TxS,xxy)=I1, (T,x)+1, ,(S,y) , where TxS is a fuzzy
transformation  defined on the fuzzy product space (XxY,7xS) with
(TxS)x(xxy)=(Tx,Sy).

Proof Let (P),., (resp. (P, /)nzl) be an increasing fuzzy sequence of the fuzzy partitions of the
fuzzy dynamical system (X,T) with [, ,(P,,x) <o for all n€N, (resp. fuzzy dynamical
system (V,S) with Iﬂ’f(Pn/,x) <o for all nEN, yE€Y) which generates F' (resp. F,). Each
P induces a fuzzy partition Q of the fuzzy product space (X xY,T'xS). The elements of
Q, being of the form FxY , where F runs through the elements of P,. Similarly P " induces

a partition Qn' of the fuzzy product space (X'xY,TxS). It is easy U, =anQn' is an

increasing fuzzy sequence of the fuzzy product space xEX (X xY,TxS) which generates

Fx F since O, and Qn' are independent, one has for all (x,y)EX xY;
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k-1 A k-1 ‘ k-1 }
lyuxﬂl,f(l_z)(rx 5)- Un,xxy) - Jyul,f(inO(sz)-l Qn,xxy) + I”]’f(l_z)(Tx 50" ,xxy) (18)

But clearly;

k-1 ) k-1 .
I”X‘ul,f(lz)(TxS)—th,xxy)= I""f(iZ)(TXS)_IP"’X) (19)
and

k-1 » k-1 .
IﬂXul,f(,-Z)(TXS) Q',,,xxy) =Iﬂl’f([l=/0(TxS) P'n,y) (20)

Thus we obtain for all (x, y)EX xY;
k-1 y k-1 . Kl —i
L, (L/O(TXS) Un,xxy) -1, (L/O(TXS) Pn,x) 1, (Z)(T"S) P',,,y) 1)

Therefore, dividing the last equality (21) by £ > 0 and taking the limit for £ — o, one
obtains the following equality from the theorem 3.6, for all (x, y)EX x Y ;

Ly (TxS,U,xxy) =1, (T, F,x)+1, (S,P',,y) (22)

Taking the limit for £ — o, one has therefore the result from the corollary 3.15, for all

(x,y)EXXY;

1

i (TS, 23 y) =1, (Tox)+ 1,/ (S.) (23)

4. Fuzzy local information function

4.1 Definition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system

(X,T) with I, ,(P,x) < for each x€E X .

w.f
The quantity 1, (T,x)=1, (T,x)-1, (T,P,x) for each x€ X is called a fuzzy local

information function.

4.2 Proposition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system

(X, T)ywith I, ,(P,x)<c foreach xEX .

1, (T,x)=0.
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i) 1, (Id,x)=0.

iii) If P is a finite fuzzy partition which generates F, then 1 , (7,x) =0.

Proof (i) and (ii) are trivial from the proposition 3.3 (i) and (ii), corollary 3.10 (i) and (ii) and
definition 4.1.

iii) Suppose that P is a generating fuzzy partition of (X,T) with [, ,(P,x) < for each

X€ X . Write the following equality from the definition 4.1, for each x€ X ;

1‘u,f(T,x)=Iﬂ,f(T,x)—1’u)f(T,P,x) (24)
Since
I’u)f(T, X) = I,u,f(Ta P,x) (25)

for each x&€ X from the proposition 3.16, we obtain thus the result

1,,(T,x)=0 (26)

4.3 Proposition Let P be a finite fuzzy measurable partition of the fuzzy dynamical system

(X,T) with [, .(P,x) < foreach xE X .
i) For k>0, 1 M’f(Tk,x) =kl , (T,x)
ii) If 7 is an invertible fuzzy transformation and k€Z , then 1, (T ,x) = |k|l g (1)

Proof i) Let P be a finite fuzzy measurable partition of the fuzzy dynamical system (X,T)

with [ . (P,x) <o foreach xE X .

uf
Since for each x€ X ,

1,,(T",P,x)=H, (T,P,x) 27)

for k >0 from the proposition 3.9 (i) and for each xE X |

1, (T",x)=K, (T,x) (28)

for k£ > 0 from the proposition 3.11.(iii) we write thus the following equality for each xE X ;

I, (TF,x)- I, (T",P,x) = K, (T,x)-kl, (T,P,x) (29)
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Hence we have the result from the definition 4.1 for each x€ X and £ > 0;

1, (T %)=k, (T,x) (30)

ii) Let P be a finite fuzzy measurable partition of the fuzzy dynamical system (X,7) with
I, ,(P,x) < for each x€X . As T is an invertible fuzzy transformation and kE€Z, we can

also write the following equalities by proposition 3.9.(ii) and proposition 3.11.(iv), for each

xeEX;

1,,(T",P,x) =K1, (T,P,x) 31)
and
1, ,(T",x)=|k|I, ,(T,x) (32)

Therefore, we have for each xE X ;

L (T"x) =1, (T*, P,x) = [k

1, ,(T,x)= k|1, (T,P,x) (33)

Thus, the result follows from the definition 4.1. for each xE X ;

1,u,f(Tka-x)=|k|lﬂ,f(Tax) (34)

4.4 Proposition Let P and Q be two finite fuzzy measurable partitions of the fuzzy dynamical

system (X,T) with /, (P,x)<c for each x€X and (¥,S) with [, (S,y) < for each

y€Y . If the fuzzy dynamical system (Y,.S) is a fuzzy factor of (X,T), then, for each x€ X
and yEY;

l‘u],f(Say)Sl‘u,f(Tsx)+I‘u,f(T9Pax)_[‘ul,f(SaQay)'

Proof We write the following inequality from the Proposition 3.13 for each x€X and y€Y
1,8 y)=1,,(T,x) 35)
Let O be a finite fuzzy measurable partition of the fuzzy factor (Y,S) with

I, ;(S,y)<w foreach y€Y. As I, (S,0,y)=0 from the Proposition 3.8 (i), one has the

following inequality, for each x€ X and yEY;

‘[,u,,f(Say)_I,u],f(Sagﬂy) = ,u,f(T’x)_]lul,f(Sagay) (36)
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Therefore, one obtains from the definition 4.1 each x€EX and y€Y
LsS»=1, (T,x)-1, (S,0,y) (37)

Let P be a finite fuzzy measurable partition of the fuzzy dynamical system (X,7") with

I, ,(P,x) < foreach xe X .

As I, (T,P,x)=0 from the proposition 3.8 (i), we can also write the following

inequality, for each x€ X and yEY;

lIul,f(Say)_],u,f(T’P:vx) S‘[,u,f(Tax)_Iﬂ,f(T’P’x)_I,u],f(Sagay) (38)

Hence, we obtain the result from the definition 4.1, for each x€X and y€Y;

L, ,S»n=l, T,x)+1, (T,P,x)-1, (S,0,y) (39)

4.5 Proposition Let (X,7) and (Y,S) be two fuzzy dynamical systems.
Then, forall (x,y)€XxY, 1, (TxS,xxy)=1, (T,x)+1, (S,»).

Where T'x S is a fuzzy transformation defined on the fuzzy product space X x7Y .

Proof Let P and Q be two finite fuzzy measurable partitions of X and Y respectively with

I, ,(P,x) < foreach x€X and I, ,(S,y) < foreach yEY.

w.f

Then, we can write the following equalities by proposition 3.15, for each x& X and

yveyY;

L (T XS, PxQxxy) =1, (T, P,x)+1, (S,0,y) (40)
and
I,ux,ul,f(szﬁxxy) =‘[,u,f(T’x)-i_]ﬂl,‘/‘(Sﬂy) (41)

Therefore we have, for all (x, y)EX %Y,

I‘uxm,f(TxS,xxy)—I‘uxﬂl’f(TxS,PxQ,xxy) =
I‘u,f(T,x)—Iﬂ,f(T,P,x)+IM,].(S,y)—]ﬂl’f(S,Q,y)

(42)

Hence, the result follows from the Definition 4.1, for all (x, y)EX xY;

1 soxtn f (TxS,xxy)=1 wf (T,x)+1 S (S,») (43)
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