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In this work, it is shown that paralel surfaces of timelike ruled 
surfaces which are developable are timelike ruled Weingarten 
surfaces. It is also shown that paralel surfaces of non-developable 
ruled Weingarten surfaces are again Weingarten surfaces. 
Finally, some properties of that kind paralel surfaces are obtained 
in Minkowski 3-space. 
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1. Introduction 

Creation of paralel surfaces is useful in design and manufacture. Making of dies for 

forging and castings require modeling of paralel surfaces. Enhancing or reducingthe size of 

free-from surfaces requires calculation of curvature and other properties of the new surface, 

which is paralel to the original surface. 

A surface whose points are at a constant distance along the normal from another 

surface is said to be parallel to . So, there are infinite numbers of surfaces because we 

choose the constant distance along the normal, arbitrarily. From the definition, it follows that 
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parallel surface can be regarded as the locus of point which are on the normals to  at a non-

zero constant distance  from  [26]. 

A Weingarten (or ) surface is a surface on which there exists a relationship 

between the principal curvatures. Let  and  be smooth functions on a surface  in 

Minkowski 3-space. The Jacobi function  formed with  is defined by 

where  and . In particular, a surface satisfying the 

Jacobi condition  with respect to the Gaussian curvature and the mean 

curvature is called a Weingarten surface or surface. All developable surfaces  

and minimal surfaces  are Weingarten surfaces. Some geometers have studied 

Weingarten surfaces and obtained many interesting results in both Euclidean and 

Minkowskian spaces [2, 3, 4, 7, 8, 9, 10, 14, 15, 16, 24, 25]. 

In this paper, we study on parallel surfaces of timelike surfaces that become both ruled 

and Weingarten surfaces. We show that parallel surface of a timelike ruled Weingarten 

surface is again a Weingarten surface in Minkowski 3-space. Also, some properties of that 

kind parallel surface are given in Minkowski 3-space. 

2. Preliminaries 

Let be the three-dimensional Minkowski space, that is, the three-dimensional real 

vector space  with the metric  

 

where  denotes the canonical coordinates in . An arbitrary vector  of  is said 

to be spacelike if  or , timelike if  and lightlike or null if 

 and . A timelike or light-like vector in  is said to be causal. For , 

the norm is defined by , then the vector  is called a spacelike unit vector if 

 and a timelike unit vector if . Similarly, a regular curve in  can 

locally be spacelike, timelike or null (lightlike), if all of its velocity vectors are spacelike, 

timelike or null (lightlike), respectively [18]. For any two vectors  and 

M

r M

W −

f g M

Φ( f ,g) f , g

Φ( f ,g) = det
fu fv
gu gv

"

#

$
$

%

&

'
' fu =

∂f
∂u

fv =
∂f
∂v

Φ(K ,H ) = 0 K

H W − (K = 0)

(H = 0)

Ε1
3

R3

< dx,dx >= dx21 + dx
2
2 − dx

2
3

(x1,x2 ,x3) R3 x Ε1
3

< x,x >> 0 x = 0 < x,x >< 0

< x,x >= 0 x ≠ 0 Ε1
3 x ∈ Ε1

3

x = x,x x

< x,x >=1 < x,x >= −1 Ε1
3

x = (x1,x2 ,x3)



Y. Unluturk, C. Ekici /BALKANJM 01 (2013) 73-90 
 

75 

 ofΕ1
3 , the inner product is the real number  and the 

vector product is defined by  [17]. 

A surface in the Minkowski 3-space  is called a timelike surface if the induced 

metric on the surface is a Lorentzian metric. This is equivalent to saying that the normal 

vector on the timelike surface is a spacelike vector [1]. 

A (differentiable) one-parameter family of (straight) lines  is a 

correspondence that assigns each to a point and a vector , 

, so that both  and depend differentiable on . For each , the line 

 which passes through  and parallel to  is called the line of the family at . 

Given one-parameter family of lines , the parameterized surface 

        (1) 

is called the ruled surface generated by the family .The lines  are called the 

rulings and the curve  is called a directrix of the surface . The normal vector of surface 

is denoted by  [21]. The coefficients that belong to the parametric equations of the surface 

given in (1) areas follows; 

 

where the differentiable functions are called the coefficients of the first 

fundamental form . So the first fundamental form is 

 

The following differentiable functions 

 

 

 

y = (y1, y2 , y3) < x,y >= x1y1 + x2 y2 − x3y3

x× y >= ((x2 y3 − x3y2 ), (x3y1 − x1y3), −(x1y2 − x2 y1))

Ε1
3

α(u), X (u){ }

u ∈ I α(u)∈ Ε1
3 X (u)∈ Ε1

3

X (u) ≠ 0 α(u) X (u) u u ∈ I

Lu α(u) X (u) u

α(u), X (u){ }

ϕ(u,v) =α(u)+ vX (u),            u ∈ I ,      v ∈ R

α(u), X (u){ } Lu

α(u) ϕ

N

E = Xu ,Xu ,     F = Xu ,Xv ,      G = Xv ,Xv

E, F , G :U → R

I

I = Edu2 + 2Fdudv +Gdv2

e = − Xu ,Nu = N ,Xuu

f = − Xu ,Nv = − Xv ,Nu = N ,Xuv

g = − Xv ,Nv = N ,Xvv



Y. Unluturk, C. Ekici /BALKANJM 01 (2013) 73-90 
 

76 

are called the coefficients of the second fundamental form . So the second fundamental 

form is [17]. 

2.1 Theorem Using standard parameters, a ruled surface in Minkowski 3-space is up to 

Lorentzian motions, uniquely determined by the following quantities:  

       (2) 

each of which is a function of . Conversely, every choice of these three quantities uniquely 

determines a ruled surface [16]. 

2.2 Theorem The Gauss and mean curvatures of timelike ruled surface in terms of the 

parameters in  are obtained as follows:  

i) For timelike ruled surface with spacelike ruling: 

 and        (3) 

where  

ii) For timelike ruled surface with timelike ruling: 

 and        (4) 

where [7]. 

2.3 Definition A surface is called a Weingarten surface or surface in if there is a 

nontrivial relation  or equivalently if the gradients of and are linearly 

dependent. In terms of the partial derivatives with respect to  and , this is the equation 

            (5) 

where  and  are Gaussian and mean curvatures of surface, respectively [7]. 

2.4 Theorem The ruled surface  is a Weingarten surface if and only if the invariants 

and  are constant in [7]. 

2.5 Theorem Parameter curves are lines of curvature if and only if  in [17]. 
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2.6 Lemma A point  on a surface  in  is an umbilical point if and only if 

             (6) 

[13]. 

2.7 Definition Let and  be two surfaces in . The function 

 

 

is called the parallelization function between  and and furthermore is called the 

parallel surface to  in  where  is a given positive real number and  is the unit 

normal vector field on  [11]. 

The representation of points on  can be obtained by using the representations of 

points on  in . Let  be the position vector of a point  on  and  be the position 

vector of a point  on the parallel surface . Then  is at a constant distance  

from  along the normal to the surface . Therefore the parameterization for  is given 

by 

           (7) 

where  is a constant scalar and  is the unit normal vector field on  [22]. 

2.8 Theorem Let  be a surface and  be a parallel surface of  in . Let

be the parallelization function. Then for , 
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where  is the shape operator on , and  is a principal curvature of  at  in 

direction  [11]. 

2.9 Theorem Let  be a surface and  be a parallel surface of  in . Let  

be the parallelization function. Then  preserves becoming umbilical point on the surface 

in [23]. 

2.10 Theorem Let  be a timelike surface and  be a parallel surface of  in . Then 

we have 

 and          (8)  

where Gaussian and mean curvatures of  and  be denoted by  and 

respectively [22]. 

2.11 Corollary Let  be a timelike surface and  be a parallel surface of  in . Then 

we have 
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i) For timelike ruled surface with spacelike ruling: 

      (10)

     (11) 

ii) For timelike ruled surface with timelike ruling: 

      (12) 

     (13) 

in terms of the parameters  [22]. 

3. Parallel surfaces of timelike ruled Weingarten surfaces 

Let  be a parallel to a surface  in Minkowski 3-space. If there is a nontrivial 

relation as 

          (14) 

between the Gaussian curvature  and the mean curvature  of the parallel surface , 

the parallel surface  is said to be Weingarten surface as in analogous to the original 
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      (15) 

3.1 Theorem Let  be a developable timelike ruled surface in , then the parallel surface 

 of  is a timelike parallel ruled Weingarten surface. 

Kr =
−Q2

D4 − rQFD+ rQ2JD+ rv "QD+ rv2JD− r2Q2

H r =
−QFD+Q2JD+ v "QD+ v2JD− 2rQ2

2D4 − 2rQFD+ 2rQ2JD+ 2rv "QD+ 2rv2JD− 2r2Q2

Kr =
−Q2

D4 − rQFD− rQ2JD+ rv "QD− rv2JD− r2Q2

H r =
−QFD−Q2JD+ v "QD− v2JD− 2rQ2

2D4 − 2rQFD− 2rQ2JD+ 2rv "QD− 2rv2JD− 2r2Q2

Q, J , F , D

M r M

Φ(Kr ,H r ) = 0

Kr H r M r

M r

Kr H r M r

Φ(Kr ,H r ) = det
Ku
r Kv

r

Hu
r Hv

r

"

#

$
$

%

&

'
'
= Ku

rHv
r − Kv

rHu
r = 0

M E1
3

M r M



Y. Unluturk, C. Ekici /BALKANJM 01 (2013) 73-90 
 

80 

Proof From theorem 2.12, the parallel surface of developable timelike ruled surface  is 

again a developable timelike ruled surface. Therefore, Gaussian curvature  of the parallel 

surface vanishes since  for . It means that the surface is a Weingarten surface. 

3.2 Theorem Let  be a timelike surface in  with . Then the parallel 

surface 

 

is a ruled Weingarten surface while one of the parameters of parallel surface is constant and 

the other is variable. 

Proof The surface  is a developable timelike ruled surface from Theorem 2.13, hence 

 vanishes by putting  in theorem 2.11. Consequently, the surface is also 

Weingarten surface. 

3.1 Parallel surfaces of timelike ruled Weingarten surfaces with spacelike ruling 

3.3 Theorem Let  be a parallel surface of a timelike ruled surface  with spacelike ruling 

in . Then the surface  is a Weingarten surface if and only if the parallel surface  is a 
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(17) 

After making arrangements in (17), the equation becomes as 

   (18) 

Later, using (2.5) in (3.5), we get 
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Making arrangements in (21), we get the following equation: 
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By using (15) in (22), we have 

KuHv − KvHu = 0           (23) 

Therefore timelike ruled surface 𝜑 is a Weingarten surface. 

3.4 Corollary The surface which is parallel to timelike ruled surface  with spacelike 

ruling is a Weingarten surface if and only if the invariants which determine timelike 

ruled surface  with spacelike ruling are constants. 

Proof (⇒): Let the parallel surface  be a Weingarten surface. Then from Theorem 3.3, the 

timelike ruled surface  with spacelike ruling is also a Weingarten surface. Hence, the 

invariants  are constants from Theorem 2.4. 

: Let the invariants  be constants, then the timelike ruled surface  with 

spacelike ruling is a Weingarten surface from Theorem 2.4. The parallel surface is also a 

Weingarten surface from Theorem 3.3. 

3.5 Corollary Let the surfaces and  be timelike ruled Weingarten surface with spacelike 

ruling and its parallel surface in , respectively. Then, there is the relation 

          (24) 

among Gauss K  and mean H  curvatures of the timelike ruled Weingarten surface  with 

spacelike ruling and Gauss Kr  and mean H r  curvatures of the timelike parallel Weingarten 

surface . 
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By using (25) in (10), we get 

A= −Q
2

Kr            (26) 

or 

A= −QFD+Q
2JD+ v "QD+ v2JD− 2rQ2

2H r
       (27) 

From (26) and (27), we have 

2H rQ2 = (QF −Q2J − v "Q − v2J )D+ 2rQ2#
$

%
&K

r       (28) 

By using the expressions in (i) of Theorem 2.2 in (28), we have 

H r =
−2D4H + 2rQ2

2Q2
Kr          (29) 

By using the expressions in theorem 2.2 (i) in (29), we get . 

3.6 Lemma Let ϕ  be a non-developable timelike ruled surface with spacelike ruling and ϕ r

be parallel surface of ϕ in . Then there is no umbilical point on the timelike parallel 

Weingarten surfaceϕ r . 

Proof Let the timelike ruled Weingarten surface with spacelike ruling ϕ  be given as the 

following parameterization: 

ϕ(u,v) =α(u)+ vX (u),      !α , !α = −1,    X ,X =1and !X , !X = −1   (30) 

From theorem 2.4, the invariants Q, J , F  have to be constants for ruled surface to 

become Weingarten surface. If there is an umbilical point on timelike ruled Weingarten 

surface with spacelike ruling, from lemma 2.6, it has to be 
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Thereby the normal vector N  of the surface ϕ  is XvXX ∧+∧= ''αN . The coefficients 

of the second fundamental form II  for the surface ϕ  are obtained as 

XXXvXXvXXvXe uu ∧+∧+∧+∧== ',''',''',''','', 2ααααφ N  

',', XXf uv ∧== αφ N          (33) 

0, == Nvvg φ           (34) 

By using (32), (33) and (34) in (6), we have 

Fg−Gf = − X,X α ',X∧X '         (35) 

The equation (35) means that there is no umbilical point on a non-developable timelike 

ruled surface ϕ  with spacelike ruling. Hence there is also no umbilical point on the parallel 

surface ϕ r  of ϕ  from theorem 2.9. 

3.2 Parallel surfaces of timelike ruled Weingarten surfaces with timelike ruling 

3.7 Theorem Let ϕ r  be a parallel surface of a timelike ruled surface ϕ  with timelike ruling 

in E1
3 . If ϕ  is a Weingarten surface if and only if ϕ r  is a Weingarten surface. 

Proof This theorem can be proved as similar to the proof of Theorem 3.3. 

3.8 Corollary The surface ϕ r which is parallel to the timelike ruled surface ϕ  with timelike 

ruling is a Weingarten surface if and only if the invariants Q, J,F  which determine the 

timelike ruled surface ϕ  with timelike ruling are constants. 

Proof (⇒) Let the parallel surfaceϕ r  be a Weingarten surface. Then from theorem 3.7, the 

timelike ruled surface ϕ  with timelike ruling is also a Weingarten surface. Hence, the 

invariants Q, J , F  are constants from theorem 2.4. 

⇐( ) : Let the invariants Q, J , F  be constants, then the timelike ruled surface ϕ  with 

timelike ruling is a Weingarten surface from theorem 2.4. The parallel surface ϕ r  is also a 

Weingarten surface from theorem 3.7. 

3.9 Corollary Let the surfacesϕ  and ϕ r  be timelike ruled Weingarten surface with timelike 

ruling and its parallel surface inE1
3 , respectively.  
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Then, there is the relation 

Hr = r + H
K

!

"
#

$

%
&Kr           (36) 

among Gauss K  and mean H  curvatures of the timelike ruled Weingarten surface ϕ with 

timelike ruling and Gauss Kr  and mean Hr  curvatures of the timelike parallel Weingarten 

surfaceϕ r . 

Proof We will use the values of the curvatures Kr  and Hr  given in (10) and (11). Let 

A = D4 − rQFD− rQ2JD+ rvQ 'D− rv2JD− r2Q2       (37) 

By using (37) in (10), we get 

A = −Q
2

Kr            (38) 

or 

A = QFD−Q
2JD− vQ 'D− v2JD+ 2rQ2

2Hr        (39) 

From (38) and (39), we have 

2HrQ2 = QF +Q2J − vQ '+ v2J( )D+ 2rQ2"
#

$
%K

r       (40) 

By using the expressions in theorem 2.2 (ii) in (40), we have 

Hr =
−2D4H + 2rQ2

2Q2 Kr          (41) 

By using the expressions in theorem 2.2 (ii) in (41), we getHr = r + H
K

!

"
#

$

%
&Kr  

3.10 Lemma Let be a non-developable timelike ruled surface with timelike ruling and ϕ r  be 

parallel surface of ϕ  in E1
3 . Then there is no umbilical point on the timelike parallel 

Weingarten surface ϕ r .  

Proof Let the timelike ruled Weingarten surface with timelike ruling 𝜑 be given as the 

following parameterization: 
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ϕ u,v( ) =α u( )+ vX u( ),    α ',α ' =1,   X ,X = −1 and 1',' =XX    (42) 

From theorem 2.4, the invariants Q, J , F  have to be constants for ruled surface to 

become Weingarten surface. If there is an umbilical point on timelike ruled Weingarten 

surface with timelike ruling, from lemma 2.6, it has to be 

E
e
=
F
f
=
G
g

           (43) 

The coefficients of the first fundamental form I  for the surface ϕ  are as follows: 

E = ϕu ,ϕu =1+ v2 ,  F = ϕu ,ϕv = α ',X ' ,  G = ϕv ,ϕv = −1     (44) 

Thereby the normal vector N  of the surface ϕ  is XvXXa ∧+∧= ''N . The coefficients 

of the second fundamental form II  for the surface ϕ  are obtained as 

XXXvXXvXXvXe uu ∧+∧+∧+∧== ',''',''',''','', 2ααααφ N  

',', XXf uv ∧== αφ N          (45) 

0, == Nvvg φ           (46) 

By using (44), (45) and (46) in (6), we have 

Fg −Gf = − X ,X α ',X ∧ X '         (47) 

The equation (47) means that there is no umbilical point on a non-developable timelike 

ruled surface ϕ  with timelike ruling. Hence there is also no umbilical point on the parallel 

surface ϕ r  of ϕ  from Theorem 2.9. 

3.11 Example The third kind of the helicoidal surface can be given with the parameterization: 

ϕ u,v( ) = vcoshu, vsinhu, au( )  

The coefficients of the first fundamental form I  are E = v2 +1, F = 0, G = −1 . This surface is 

entirely a timelike ruled surface sincedet I = EG −F 2 = −12 − v2 < 0 .If we compute the values 

of the invariants Q, J , F  in Theorem2.1 for that surface, then we get 
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Q = −1, J = 0  and F = 0          (48) 

The invariants Q, J , F  in (48) are constant therefore, from corollary 3.4, parallel 

surface ϕ r  is a Weingarten surface. The graph figures out the third kind of helicoidal timelike 

ruled surface, see Figure 1. The unit normal vector is ( )vuu
v

−
+

= ,cosh,sinh
1
1

2
N and the 

coefficients of the second fundamental form II  are obtained as e = 0, f = 1
1+ v2

,g = 0 . The 

parallel surface of the third kind of timelike helicoidal ruled surface is parameterized as 

follows: 

ϕ r u,v( ) = vcoshu+ rsinhu
1+ v2

,vsinhu+ rcoshu
1+ v2

,u− rv
1+ v2

"

#
$

%

&
'      (49) 

The Gaussian and mean curvatures of this parallel surface are found as follows: 

Kr =
1

1+ v2( )+ r2   
and Hr =

2r
1+ v2( )+ r2

       (50) 

The parallel surface of timelike helicoidal ruled surface is also a Weingarten surface 

since the partial derivatives of Kr  and Hr  in terms of the variable u  vanish. The graph 

figures out the third kind of helicoidal timelike ruled surface (red one) and its parallel surface 

(blue one), see Figure 2. 

 

 

  

Figure 1. The timelike surface Figure 2. Parallel surface 
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3.12 Example The surface called as two dimensional ivor is parameterized as: 

ϕ u,v( ) = vcoshu,vsinhu,u+ v( )  

 [19].  

The coefficients of the first fundamental form I  are E =1+ v2 , F =1, G = 0 . This 

surface is entirely a timelike surface sincedet I = EG − F 2 = −1< 0 . If we compute the values 

of the invariants Q, J , F  in Theorem 2.1 for that surface, then we get 

Q = −1, J =1 and F = 0.          (51) 

The invariants Q, J , F  in (51) are constant therefore, from corollary 3.4, parallel 

surfaceϕ r  is a Weingarten surface. The graph figures out the two dimensional ivor, see 

Figure 3. 

The unit normal vector is N = sinhu− vcoshu, coshu− vsinhu,−v( ).  The coefficients of 

the second fundamental form II  are found as e = v2 , f =1, g = 0.  

The parallel surface of the two dimensional ivor is parameterized as follows: 

ϕ r u,v( ) = vcoshu+ rsinhu− vrcoshu,vsinhu+ rcoshu− vrsinhu,u+ v − rv( )   (52) 

The Gaussian and mean curvatures of this parallel surface are found as follows: 

Kr =
1

(1+ r)2  
and H r =

1
1+ r

        (53) 

The parallel surface of the two dimensional ivor is also a Weingarten surface since the 

partial derivative of Kr  and H r  in terms of the variable 𝑢 and v  vanish. The graph figures 

out the two dimensional ivor (red one) and its parallel surface (blue one), see Figure 4. 

  
Figure 3. The timelike surface Figure 4. Paralel surface 
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4. Conclusion 

In this study, parallel surface of timelike surface has been taken into consideration as 

both ruled and Weingarten surface. The parallel surface of a ruled Weingarten surface has 

been shown to become again a Weingarten surface in Minkowski 3-space. Also, some 

properties of that kind parallel surface have been given in Minkowski 3-space. 
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