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In this paper, we consider the following difference equations 

1 1 1 1

1 1 1 1
, , ,

1 1

n n
n n n n

n n n n

x y
x y u v

x y u v
   

 
   

 
 

with real initial values 
0 0 0 0, , ,x y u v such that the 

denominators always are nonzero for 
0.n  We show that 

these equations is closely linked with each other and also well-

known Fibonacci numbers. Here we only study the first equation 

and apply obtained results to the others. 
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1. Introduction 

Recently, there have been many researches and interest in the field of the theories of 

dynamical systems and difference equations by several authors [1-15]. Most of the recent 

applications of these theories have appeared in many scientific areas such as biology, 

economics, physics, resource management. Especially, nonlinear difference equations of 

order one have great importance in applications. Also, there are studies that these equations 

appear as discrete analogues and numerical solutions of differential equations modeling some 

problems in some branches of science. Probably the most typical example of such equations is 

Riccati difference equation 
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with initial value 
0x , which has a great variety of properties and which is often studied in 

textbooks and the literature, see, for example, book [1] and [4,9,13]. 

We now present some studies in the literature. In [4], Papaschinopouls and 

Papadopoulos studied on the fuzzy difference equation 
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which is a special case of Riccati difference equation. Cinar, in [5], posed the difference 

equation 
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can be transformed into a Riccati difference equation, and got the formulae for solution of the 

equation. Also, some extensions of the above equation were overworked by many researchers, 

i.e see [6-8]. 

In addition, the studies about the relation between Fibonacci numbers and difference 

equations or systems have been received great attention by researchers, recently. For example; 

in [11], Elabbasy et al. obtained Fibonacci sequence in solutions of some special cases of 

following difference equation 
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In [12], Elsayed dealt with behavior of solution of the nonlinear difference equation 
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Also, he gave specific forms of the solutions of four special cases of this equation. 

These specific forms also contain Fibonacci numbers. In [10], Simsek et al. studied the 

behavior of the solutions of the following system of difference equations 
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Further, they established a relationship between Fibonacci numbers and solutions of 

system. 

By the motivation of [10-13], our aim in this paper is to explain that the following 

Riccati difference equations 
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where initial values 
0 0 0 0, , ,x y u v  are real numbers such that the denominators always are 

nonzero, are closely linked with each other and to show that there are some relationships 

between Fibonacci numbers and solutions of these equations. Here we only study equation 

(1.1) and apply obtained results to the others. Note that equation (1.3) and (1.4) was studied in 

[13]. But, in this paper, we again deal with these equations in a different way and more 

demonstratively prove our results. The above mentioned four equations can be transformed 

into each other’s via the following changes of variables 

 0

1 1
, 1.5n n

n n

x y n
u v

       

This property provides a basis for our study. 

2. Preliminaries 

Here we will give some information about Fibonacci numbers and the golden ratio that 

naturally rise in our study. Fibonacci sequence  
0n n

F



 are defined by 

 2 1 0, 2.1n n nF F F n     

where 0 10, 1.F F   Equation (1.3) has the characteristic equation 

 2 1 0 2.2     

with 
1 5

2
 


   and 

1 5

2
 


  . The following formula which describes Fibonacci 

numbers 

 0, 2.3
n n

nF n
 

 


 

  

is called Binet formula of Fibonacci numbers. Also, it is obtained to extend the Fibonacci 

sequence backward as 

   
1

2 1 1 2.4
n

n n n nF F F F


       
 

Fibonacci numbers have been interested by the researchers for a long time to get main 

theory and applications of these numbers. For related studies, see, for example [16-21]. The 
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ratio of two consecutive Fibonacci numbers converges to the number 
1 5

2



  called the 

golden ratio. More generally, we can give the following limit 

 , 2.5lim
rn r

n n

F
r

F




 

 

The applications of the golden ratio appear in many research areas, particularly in 

physics, engineering, architecture, nature and art. Physicists Naschie and Marek-Crnjac gave 

some examples of the Golden ratio in theoretical physics and physics of high energy 

particles[18,19]. For further detail related to Fibonacci numbers and the golden ratio, see [21]. 

Let us consider the following lemma which will be needed for the results in this study. 

Lemma 2.1 [21] For 
10, n

n nn F F     and  
1.

n

n nF F     

Before coming main results we introduce a notion called forbidden set. This set contain 

all the initial values which produce the undefined solutions of the considered equation. 

Let 

   1 0, 2.6n nx f x n  

where :f   is a given function, be a difference equation of order one and D be the 

domain of the function f. Forbidden set of difference equation (2.6) is given by 

  0 0 1: 0,1, , , ,i nx x D for i n n and x D       

That is, if the initial values are chosen from the complement of the forbidden set then 

the solution will always become well-defined. 

3. Main Results 

In this section that we prove the main results, we derive a formula for the solution of 

equation (1.1) and realize that this solution is connected with well-known Fibonacci numbers. 

Previously, let us consider the following lemma. 

Lemma 3.1 Forbidden sets of initial values 0 0 0, ,x y u  and 
0v  for equations (1.1)-(1.4) is 

given by 
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and  

1
4 0 0 0: , ,n

n

F
v v for n

F


 

    
 

 

where 
nF  is nth Fibonacci number, respectively. 

Proof. We will prove for equation (1.1) and will apply the obtained result to equations (1.2)-

(1.4). Forbidden set is the set of all the points in the complement of domain of function 

associated with a difference equation. Now, we will determine the set of these points. So, let 

 
1 x

f x
x


  be function associated with equation (1.1). Note that f is not defined on the 

point 0x  . According to the definition, the string of points 
00 1 0 0, , , 0, ,nx x x n   can 

be determined but 
0 1nx   cannot be determined. Hence we can write 

 0

0 0 0,
n

nx f x   

which implies 

   0

00 . 3.1
n

f x



 

Inverse of function f can be easily calculated as  1 1
.

1
f x

x

 


 It is interesting that the 

difference equation associated with inverse function 1f   is equation (1.4) whose solution was 

obtained as 
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in [13]. Consequently, by using solution (3.2), from (3.1), we have 

  00

0

0

1

0 .
nn
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F
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It means that if the initial value 
0x  is chosen from the forbidden set 

1
 then the term 

0 1nx   cannot be calculated. From (1.5), by some computation, the results for equations (1.2)-

(1.4) immediately follow.□ 

Lemma 3.1 provides the solutions that we get in the following theorem are well-defined. 

Now we can safely state the theorem. 

Theorem 3.2 Let the initial values be 0 1 0 2 0 3 0 4, , , .x y u v        Then, 

the formulae for the solutions of equations (1.1)-(1.4) are given by 
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where 
nF  is nth Fibonacci number, 

nF
 is nth negative Fibonacci number and 

0.n  

Proof. We apply the change of variables 

 
1

3.7n
n
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w
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to equation (1.1). In this case, equation (1.1) transformed into the following linear difference 

equation of order two 

 1 1. 3.8n n nw w w  
 

We can write equation (3.8) in the operational form 

    1 0, 3.9nE E w    

where  and   are the roots of equation (2.2). Now, from (3.9), we have 

   1 1 , 3.10n n n nw w w w     

which yields 

   1 0 1 3.11n

n nw w w w     

for 
0.n  Hence, from (3.11), we obtain the solution 
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or equally 
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n n
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Next, by using (2.3) and the second identity of Lemma 2.1, from (3.12), we have 

 1 0 1 1 3.13n n nw F w F w   
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By returning the original variable 
nx  via (3.7) and (3.13), we find formula (3.3) for the 

solution of equation (1.1). Also note that the formula (3.3) is satisfied by and   which are 

the fixed points of equation (1.1). That is, by Lemma 2.1, we have 
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Now we apply this result to other equations via (1.5). Note that equation (1.1) is 

transformed by n nx y   into (1.2). From (3.3), by using (2.4), we accordingly get formula 

(3.4). Similarly, we have formula (3.5) by means of 
1

.n

n

x
u

  Consequently, since equation 

(1.1) is transformed by 
1

n

n

x
v

  into (1.4), from (3.3), by using (2.4), we get formula (3.6). 

The following theorem states the asymptotic behaviors of the solutions of equations (1.1)-

(1.4). 

Theorem 3.3 The following statements are hold: 

a) For   0 1 ,x     the every solution of equation (1.1) converge to α, (the 

golden ratio). That is, lim .n
n

x 


  

b) For   0 2 ,y      the every solution of equation (1.2) converge to .  

That is, lim .n
n

y 


   

c) For   0 3 ,u      the every solution of equation (1.3) converge to .  

That is, lim .n
n

u 


   

d) For   0 4 ,v     the every solution of equation (1.4) converge to .  That 

is, lim .n
n

v 


  

Proof. To prove (i), we use formula (3.3) of equation (1.1). To prove (ii), (iii) and (iv), same 

as before, we apply the result of (i) to the others. 
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a) For   0 1 ,x     from formula (3.3), we can write       
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b) Since ,n nx y   while 
nx   as ,n  for   0 2 ,y      ny   as 

.n  

c) Since 
1

,n

n

x
u

  while 
nx   as ,n  for   0 3 ,u    

1
nu 


  

as .n  

d) Since 
1

,n

n

x
v

   while 
nx   as ,n  for   0 4 ,v   

1
nv 


   

as .n  

So the proof is terminated. 

4. Conclusion 

In this study we see that equations (1.1)-(1.4) is transformed into each other by means 

of relations of (1.5). This case makes possible that if the solution of one of equations (1.1)-

(1.4) is investigated then studying of the solution of the others is very easy. Also, the fixed 

points of these equations can be calculated easily as , , , ,x x y y             

, , , .u u v v             Hence we can say that while equations (1.1) and (1.3) 

converge their own positive fixed points, equations (1.2) and (1.4) converge their own 

negative fixed points. We finally note that the results in this paper are given in terms of 

Fibonacci numbers. 
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