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1. Introduction

Firstly, L.LE. Valeontis [9], had defined parallel p-equidistant ruled surfaces in and had
given some results related with striction curves of these surfaces. Then (m+1)-dimensional
ruled surfaces have been studied in n-dimensional Euclidean Space and in Minkowski Space,
[1,3,4,7.8].

The purpose of this paper are to generalize the timelike parallel -equidistant ruled
surfaces with a timelike base curve given in Minkowski 3-space , [5], to n-dimensional
Minkowski space and to present some characteristic results related with curvatures of the
(m+1)-dimensional timelike parallel -equidistant ruled surfaces with a timelike base curve in
the Minkowski space are obtained.

Throughout this paper, we shall assume that all manifolds, maps, vector fields, etc... are

differentiable of class C™. First of all, we give some properties of a general submanifold M in
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Rf, [6]. Suppose that D is the Levi-Civita connection of R", while D is the Levi-Civita
connection of M. If X and Y are vector fields of M and if V is the second fundamental tensor
of M, then by decomposing DxY into a tangent and normal components we find

DxY=D,Y +V(X,Y). (1)
which is called Gauss Equation.

If £ is a normal vector field on M, we find the Weingarten equation by decomposing
Dx & in a tangent and a normal component as

Dx &=-A,(X)+Dy &. )

Here A represents a self-adjoint linear map at each point and D+ represents a metric

connection in the normal bundle %~ (M) . We use the same notation Ag for the linear map and
the matrix of the linear map, [2]. If X and Y are vector fields of (M) and the metric tensor

of R{ is denoted by (,) we have
(DyY,&) =<V(X,Y),&>=(A.X,Y) (3)
If {&1, &2,...,F,n_m} constitutes an orthonormal base of the normal bundle (M), we get
VX, Y) =D V,(X,Y)§,. (4)
j=1
Let M be an m-dimensional semi-Riemannian manifold in R{‘ and A be a linear map.
If &ey"(M) isanormal unit vector at the point P € M, then
G(P,&)=det A ®)
is called the Lipschitz-Killing curvature of M at P in the direction & .

The mean curvature vector H of M at the point P is given by

n-m trAgl

= = dim M ) ©

Here, [H| is the mean curvature. If H vanishes at the each point P of M, then M is said

to be minimal, [2].

The 4™ order covariant tensor field defined by
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R(X;, X5, X5, X,) =< X, R(X3, X)X, >, X; ex(M) (7
is called the Riemannian curvature tensor and its value at a point P € M is called Riemannian
curvature of M at P.

The sectional curvature function is defined by
<R(Xp,Yp)Xp, Yp >

S ®)
<Xp,Xp ><Y|O,YID >—<Xp,Yp >

K(Xp.Yp) =

where X,,Y, are the tangent vectors of tangent plane of M at P. Thus, K(X,,Y,) is called
the sectional curvature of M at P.

The Ricci curvature tensor field S of M is defined by

S(X,Y):§8i<R(ei,X)Y, ej) 9)
i=1

where {e,,e,,....e,, | is a system of orthonormal base of T,,(P) and

-1, if e, timelike
1 if e, spacelike

The value of S(X,Y) at P € M is called the Ricci curvature. The scalar curvature r,, of
M is given by

ry = K(e;.8;)) =2> K(e; e)) (10)

i%] i]
2. The Curvatures of (m+1)-Dimensional Timelike Parallel p; -Equidistant Ruled

Surfaces with a Timelike Base Curve in Minkowski Space R/

In this Section, (m+1)-dimensional timelike parallel p;-equidistant ruled surfaces with

a timelike base curve in Minkowski space R; are defined. Then, the curvatures of these
surfaces are obtained.

Let o and o * be two differentiable timelike curves parameterized by arc length in R
and {V,,V,,...,V, } and {Vl*,V;‘,...,V;}, k <n, be their Frenet frames at the points o (t) and
o *(t*), respectively. Suppose that M and M* are (m+1)-dimensional timelike ruled surfaces
with a timelike base curve in the Minkowski space R! and E, (t)=1{V,,V,,...,V, } and
E,.(t)= {vl*,v;,...,v;}, 2<m<Kk-2, are their generating spaces. Then M and M* can be
parametrically given by:

M: X(t,u,,...,u, )= a(t)+iuivi (t), rank{X,, X, ... X, f=m+1, (11)



176 M.MASAL /BALKANJIM 02 (2014) 173-184

M X (U )= () + DUV (), rank (X7, X7 ..., X0 f=m+1. (12)
i=1 "

Definition 2.1. Let M and M* be (m+1)-dimensional two timelike ruled surfaces with a
timelike base curve. Moreover p;,p,,....P, 4, P, denotes distances between the (k-1)-
dimensional osculator planes

Sp{V,, V.., Vi) and SpiVs, V5, Vs
SV, VLV, .Y, 1,vk} U VARVARVARVASRVAY
PV Vs, Vi, Vi, Vi } and Spdvy, Vs, ..,v;_3,v;_2,v;}
PNV Vs Vo Vst ang SPIVE Vs e Vi, Vi |

respectively.
If

1) V, and V, are parallel,

2) The distances p;,1<i<k, between the (k-1)-dimensional osculator planes at the

corresponding points of o and o * are constant,
then the pair of timelike ruled surfaces M and M* are called the (m+1)-dimensional timelike

parallel p,-equidistant ruled surfaces with a timelike base curve in the Minkowski space R;.

Throughout this paper M and M* will be assumed (m+1)-dimensional timelike parallel
P, -equidistant ruled surfaces with a timelike base curve in the Minkowski space R;'.

From Definition 2.1, we have

*

V, =V,

Then, we find the Frenet frames {V,,V,,...,V, } and {V;,V;,...,V; | are equivalent at
the corresponding points of o and o *.

If k, and k: are the curvatures of o and o *, respectively, then we can write

ki =(V/\V,;) and k; _<v v,+l>

From the Frenet formulas we can give following theorem:

Theorem 2.1. Let M and M* be (m+1)-dimensional timelike parallel p,-equidistant ruled
surfaces with a timelike base curve.

i) The Frenet frames {V,,V,,...,V, } and {V;,V;,..., Vi | are equivalent at the corresponding
points of o and a*.

ii) For the curvatures k; and k. of o and o *, respectively, we obtain

ki":cf—tk 1<i<k
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If ac” is a vector with initial point a(t) and ending point o (t*) of the base curves o

and o.* of M and M*, respectively. Then the vector cwa.” can be written

V

oo’ =a,V, +a,V, +---+a,V, +a, Vo +--+a,V,, @, €IR, 1<i<k

m+1

Then, we get

<ococ*,Vl> =-a,, <oca*,\/-

)=a;,2<i<k

and
af . i=1
P = .
la| . 2<i<k.
Hence, we have
o =PV PV, o PV PV
Then we can give following theorem:

Theorem 2.2. Let M and M* be (m+1)-dimensional timelike parallel p; -equidistant ruled
surfaces with a timelike base curve .The relation between the base curves of M and M* is
a’ =a—pV,+p,V, +-+p,V, +.. 4PV,

The space Sp 1,V2,...,Vm,Vlr,Vz',...,Vm' } is called the asymptotic bundle of M with
respect to E, (t) and denoted by A(t).
If A(t) and A(t") are asymptotic bundles of M and M*, respectively, then we have
A(t) = Sp {vl,vz,...,vm,vl',vz',...,vm'}
and

m

A(t*)=Sp{v1*,v;‘,...,v;,vl* N LV }

!

The space Sp{\/l,vz,...,vm,Vlr,VZ’,...,Vm ,oc'} is called the tangential bundle of M
with respect to E, (t) and denoted by T(t).

Let T(t) and T(t") are the tangential bundles of M and M*, respectively. So the
tangential bundles of M and M* are given by

OIS VAR VAR VAR VARV a'}

m !

and
T(t*)=5p{v;,v;,...,v;,v; NV o }
Using Definition 2.1 and Theorem 2.1, we find
AB=A(t")=T@®)=T(t").



178 M.MASAL /BALKANJIM 02 (2014) 173-184
Then we can give following theorem:
Theorem 2.3. Let M and M* be (m+1)-dimensional timelike parallel p;-equidistant ruled

surfaces with timelike base curve. All the asymptotic and tangential bundles of M and M* are
equal.

Now, let us find the matrices Aéj and Aé,_‘ ,1<j<n—-m-1, of M and M*, respectively.

If we use the equations (11) and (12), we can easily see that

X, =V, + U, v, X, =Vion X, =V,

ivio
i=1

and

X =V1*+ZU?V? C X =V X =V,

giving the orthonormal bases {V,,...,V, ..} and {V;,..., V... | of M and M*, respectively. If
we take the orthonormal bases of the normal bundles M * and M* * as
{ire e EhmareerEnma ) and { Lo Cpmare s Grm 1} then we get the orthonormal bases
{Vl" Vi &1 ik—m—l""i&m—m—l}and {Vl""’Vm+l’§1""’&k—m—l""’an—m—l} of R at Pe
M and P* eM*, respectively, where & =V, .., and & =V, ., 1<i<k-m-1.1f D, D
and D" are the Levi-Civita connections of R;, M and M*, respectively, then the Weingarten
equations are as follows;

m+1 n-m-1

D& =D alV,+ Y blé ,1<j<n-m-1,
i=1 q=1
(13)
m+1 n-m-1
D,.c Za(m+1)-vn + Z Dneée + 1< j<n-m-1,
Using the equation (13), for the matrix A ls< j<n—m-1, we get
a{l aiz a{(m+l)
A, =- : : : : (14)
aém+1)1 aém+1)2 "' agm+1)(m+1)
Since a is a timelike curve, one can find following equations
__<5V1§j 1V> a‘(jm+1)1 <D m+1§ >
a1J2 :<DV1§j7V2> a-(Jm+l)2 = <Dvm+1é:j7 2> (15)

a1(m-¢-l) < Q/ §j ’Vm+l> o a‘(m+1)(m+1) < DVngj ' m+1>
From the equations (2), (3), (14) and (15), we obtain
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0--0 k,,
0---0 0 .

A=A, ,=|. C and A, =0, 2<j<n-m-1.
0--0 0 (m+1)x(m+1)

Similarly, if & is any normal vector field on M*, we can write
=Y * * s Lex
D..§ =—A&*(X )+D.. €.

Then there exists the following equalities

m+1 n-m-1

D,.&f =DV + X diig; ,1<j<n-m-1,
i=1 q=1

m+1 n-m-1

D,. &= cligVi+ D dhpeés 1< j<n-m-1,
i=1 q=1

m+l

Therefore, for the matrix A . 1< j<n-m-1,

i i
Cip Cl(m+l)
A.=—": : ,1<j<n-m-1
cl gl
(m+1)1 (m+1)(m+1)

can be written. Since o is a timelike curve, we obtain

Chp = _<DV1*§j Vi > 0 Gl = _<Dvm*+1§j A >

i /D * * j N * *
C, = <Dv;§j V7 > 0 Clminye = <Dvn§+1§i Vs >
Cl(m+1) o <Dv1* gi ’Vm+l> T C(m+l)(m+1) - <DV,;+1§J' ’Vm+1>

From the equations (2), (3), (18) and (19), we see that

0.0 ki,
A=A, = O'".O .0 and A, =0, 2<j<n-m-1

(m+1)x(m+1)
Using the Theorem 2.1.ii, we find

_ dt
g dt*

A A, A=A, =025j<n-m-L.

L

Therefore we have the following theorem.

179

(16)

(17)

(18)

(19)

(20)
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Theorem 2.4. Let M and M* be (m+1)-dimensional timelike parallel p;-equidistant ruled

surfaces with a timelike base curve in R . For the matrices A, and A._., 1<j<n-m-1,
J

we get

Considering the definition of the Lipschitz-Killing curvature in the direction of &; is

found to be

G(P,g;) = det Aéj =0 forall Pe M, 1<j<n-m-1.
Similarly, the Lipschitz-Killing curvature in the direction of &’; of M*, becomes
G(P",§;) =detA,. =0,1<j<n-m-1, forall P* eM*.

If H and H* are the mean curvature vectors of M and M*, then from the equations (16)
and (20) we have
.t trA,
H=H"= i
7 dimM

£, =0.

Therefore, following theorems can be given.

Theorem 2.5. Assume that M and M* are (m+1)-dimensional timelike parallel p;-equidistant

ruled surfaces with a timelike base curves in R{ . The Lipschitz-Killing curvatures of M and
M* in all normal directions vanish.
Theorem 2.6. Let M and M* be (m+1)-dimensional timelike parallel p;-equidistant ruled

surfaces with a timelike base curve in R;. M and M* are minimal ruled surfaces.

Now, let us find the second fundamental forms, Riemannian curvatures, skalar
curvatures and Ricci curvatures of (m+1)-dimensional timelike parallel p;-equidistant ruled

surfaces with a timelike base curve in Minkowski space R;'.

If X and Y are vector fields and V is the second fundamental form of M, then from the
equations (3) and (4), we obtain

n-m-1

V(X,Y) == > <Y,Dy& > .
j=1
Thus, for the Frenet vectors V; and V,, 1<i,j<m+1, we have
n-m-1 _
V(V,.V)) == D <V, D & >& , 1<i,j<sm+1.
s=1

Then, from the equation (13), we get

n-m-1 ; _1, J:l
V(V,.V) = - Y eaig,, & =(V,, V) :{ a
s=1
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Using the equation (16), we give
n-m-1
V (V17Vm+1) == Z a13(m+1)§s = km+1Vm+2 !
= (21)

n-m-1

VIV,,V))=—> ga& =0 , 1<ij<m+1 .
s=1

Similarly, if X" and Y™ are vector fields and V" is the second fundamental form of
M*, then from the equation (2) and (3), we have
<D Y E >=<VI(X,Y),E >=< A (X'),Y" >, T eM”
and
n-m-1 _
V(XY ) == <Y" D E >E].
j=1

For the Frenet vectors V, and V/,1<i,j<m+1, we can write

n-m-1

VIV, V) == > <V, D, & >& , 1<ij<m+l
s=1 '

and from the equation (17), we obtain
n-m-1
VIV V) == DleciEr , 1<ij<sm+1.
s=1
Using the equation (20), we find

VIV Vi) =KV

m+l'm+2 !
(22)
V*(Vi*,Vj*)=0 , 1<i,j<m+1
From Theorem 2.1, we have
* * * dt
\Y (Vl ’Vm+1):EV (Vl’Vm+l) )
(23)

VIV =V, =0, 1<i j<m+l
Hence, we can give following theorem.

Theorem 2.7. Assume that M and M* are (m+1)-dimensional timelike parallel p;-equidistant
ruled surfaces with a timelike base curve in R;. V; and V_,,, are conjugate vectors if V," and

V., are conjugate vectors.

m-+1 m+1
Let X =) aV,, Y =) bV, eM. Since
i=1 i=1

V(X,Y) = %aiij(vi V)

i j=1
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from the equation (21), we have

V(X,Y)=ab,,V(V,, V,,.0).

m+1

Hence, we can give followings.

Theorem 2.8. Let M and M* be (m+1)-dimensional timelike parallel p;-equidistant ruled

m+1 m+1

surfaces with a timelike base curve in R}. Also X=>"a,V,,Y =) b,V, eM. M is totally
i=1

i=1

geodesic iff V(V,,V,

m

+1) :0 or a1bm+l = 0

Corollary 2.1. If a,b,,., #0 and M is totally geodesic, then M* is totally geodesic.

m+1

From the equations (7) and (8), we have
<V(XP’YP)’V(XP1YP>_ <V(XP ' XP)vv(YP’YP)>
(X Xo (Yo, Yo ) = (X, Yo )

K(X5,Yp) =

From the last equation and equation (21), we find

KV, V) = (K)® and K(V;, V) =0,1<i,j<sm+1,i=]. (24)
Similarly, the sectional curvatures of M* are as follows

KV, Vo) = (K and K(V, V) =0,1<i, j<m+1,i# . (25)
From Theorem 2.1, we can give following theorem.

Theorem 2.9. Suppose that M and M* are (m+1)-dimensional timelike parallel p; -

equidistant ruled surfaces with a timelike base curve in R} . For the Riemannian curvatures of
M and M*

. dt )’
K(Vl 'Vm+l) =1 T K(\/1’Vm+1) )
dt
KV V) =K(V,V;))=0 , 1<ij<m+l, i#]
holds.
The Ricci curvature in the direction V; of M, is given by
m+1

SViV) =2 & (RV VLY, L g =(V,V), L<ismsl

that is

m+1

S(V,,V,) =Zgj [SVV, V)V (V) V) > =<V (V) V (VL) >

If we use the equation (21), we obtain

S(Vm+1'Vm+1) = _(km+1)2 and S(\/I ’Vi) = 0 ! 1S I S m. (26)
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The scalar curvature of M is

ry = > K(V;, V) =2 K(V,, V).

i) i]
From the equation (24), we get
e = 2K(V3, Vi) = =2(K.0)*. (27)
Using the equation (26) we see that
e = 25(Vin1: Vi) - (28)
Similarly, for the Ricci curvature in the direction V," of M*, we have
SV, Vi) =—(k:,)? and S(V",V')=0, 1<i<m. (29)
Moreover, for the scalar curvature of M*, we find
e = 2K(V), Via) = 28(Vp0, Vi) - (30)
From Theorem 2.1, we get

. dt \? . (dtY
S(Vm+l’vm+l):(dt*] S(Vm+l’vm+l) and r.sk :(dt*j r.sk'

Hence, we can give following theorem.

Theorem 2.10: Let M and M* be (m+1)-dimensional timelike parallel p,-equidistant ruled

surfaces with a timelike base curve in R}. If S(V;,V,) and r, (S(V",V,") and r. ) are the

Ricci and the scalar curvatures of M ( M*), then we have
S(V;,V,)=S(V,,V,)=0,1<i<m,

dt

dt”

. (dt)
r.sk= dt* r.sk'

2
S(V:1+l’ Vn*1+1) = [ j S(Vm+l ' Vm+1) '

and
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